Abstract We characterize the Bloch space and the Besov spaces of harmonic functions on the open unit disc D by using the following oscillation:
Introduction

Denote by H(D)
(1 -lzI 2 )"'If'(z)1 --+ 0 (Izl --+ 1).
For p = 1, a = 1, the Besov space B 1 consists of analytic functions f on D such that f(z) = L~~an'PAn (z) with L~~lanl < +00, where {An}~~cD. 
and ID(z,r)1 is comparable with (1-lzI 2 )2.
For a differentiable complex function h on D and for n = 0,1,2,3, ... , we define a 
In [5] the author proved the following Theorems Band C for the Bloch space Band the Besov space B p by using Theorem A, respectively. Theorem B. Let n be a positive integer, and a, (3 real numbers with a +(3 = n. Then for f E H(D) and for r E (0, +(0), fEB if and only if 
In this paper we will give the analogous result which characterize the spaces B~I, B~,I and B;,I.
In [3] , Holland and Walsh proved the following theorem in the case of n = 1. And we proved it in the case of n = 2 in [5] . 
The harmonic Bloch space
To prove the theorems above, we use the following lemmas. 
Lemma 2.1. Let h E H(D) + H(D). Let n~2 be an integer and
< +00.
Proof. Let hE H(D) + H(D).
To prove the necessity, put
ID(n-I)h(Z)-D(n-I)h(W)1 Efy(n-l)h(Z)
,
then we have
By Lemma 1 of [1], we have
Efy(n-l)h(Z) =~(1-lzI2)n(I(D(n-I)h)x(z) + i(D(n-I)h)y(z)1 + I(D(n-I)h)x(z) -i(D(n-I)h)y(z)1)
Since Efy(n-l)h(Z) :::;; Efy(n-l)h (z E D), hence we have sup(l -lzJ 2 )n(ljCn)(z)1 + Ig(n) (z)1) :::;; Bfy(n-l)h < +00.
zED By Lemma 2.1, we have h E B~I.
To prove the sufficiency, suppose that h = j + 9 E B~I. Then
By Theorem 2.7 in [5] ,
zED ,6(z,w)<r,zopw
This completes the proof of Theorem 2.3.
D
The following corollary does not hold for n~3 because h(z) = log(l -z) E B;;;l is a counterexample and it will generalize Theorem D.
Corollary 2.4. Let h E H(D) + H(D)
. Then for n = 1,2, hE B;;;l if and only if
Proof. The necessity follows easily from Theorem 2.3. To prove the sufficiency, suppose that h E B;;;l. When n = 1, we have
Since h E B;;;l, fEB and g E B. By Theorem D we have
Since h E B;;; 1 , fEB and g E B. By Theorem D we have = o. 
Proof. This follows easily from Lemma 2.2, Corollary 2.5, Theorem 2 in [4] , and Corollary 4.3 in [5] . 0
The harmonic Besov spaces
The following lemmas are used to prove Theorem 3.3.
Lemma 3.1. Let f E H(D) and let
0 < r < +00. Then for some constant K > 0 I f (z) -f (w) I K j I f (u) -f (z) IdA ( ) s u p : ( ; u .
,6(z,w)<r Z -W ID(z,2r)1 D(z,2r) U-Z
Proof. In fact, we have for all analytic functions 9 on D 
Ig(w)1 :(; ID(C )1 j Ig(u)1 dA(u). w,r D(w,r)
Applying g(u) = (f(u) -f(z))/(u -z), then I f(w) -f(z) I :(; C j I f(u) -f(z) IdA(u)I f(w)-f(z)l CK j If(U)-f(z)ldA() s u p : ( ; u . wED(z,r) W -Z ID(z,2r)1 D(z,2r) U -Z o Lemma 3.2. Let f E H(D) and let 0 < r < +00. Then for some constant K > 0 1 (1 )Ij (1_lzI2)
lf(U)-f(Z)[dA(U):(;Kj
(1-lwI 2 )1j'(w)ld.\(w).
D z, r D(z,r) U-Z D(z,r)
The 
D(O,r)
Then by using (**), changing the variable and noting that (1-lzI 2 ) is comparable with 11 -wzl, (1 -Iw1 2 ) and ID(z, rW/ 2 when w E D(z, r), there exist constants C 1 , C 2 , K, 
Then, by the proof of Theorem 2.3, we have Since hence we see
By Lemma 2.1, we have hE B;,I.
To prove the sufficiency, suppose h E B;,I. Since (1-lzI 2 ) is comparable with (1-lwI 2 )
The last inequality follows from Lemma 3.1. By using Lemma 3.2, we have the following:
D(z,2r)
Multiplying both sides by (1-lzI 2 )(n-1) and then using the fact that (1-lzI 2 ) is comparable with (1 -IwI 2 ), we have
By similar calculations, we also have
and XD(w,2r)(Z) = XD(z,2r) (w), by using Holder's inequality and Fubini's theorem, we have j ( 
+ Ig(n)(z)l) E LP(D,d).,).
Lemma F. Let a > 0 and n an integer greater than or equal to 2. 
Let h E H(D) + H(D)
.
